Abstract: We investigate non-singular bounce and cyclic cosmological evolutions in a universe governed by the extended nonlinear massive gravity, in which the graviton mass is promoted to a scalar-field potential. The extra freedom of the theory can lead to certain energy conditions violations and drive cyclicity with two different mechanisms: either with a suitably chosen scalar-field potential under a given Stückelberg-scalar function, or with a suitably chosen Stückelberg-scalar function under a given scalar-field potential. Our analysis shows that extended nonlinear massive gravity can alter significantly the evolution of the universe at both early and late times.
Contents 1 Introduction
The question on whether there exits a consistent covariant theory for massive gravity, where the graviton acquires a mass and leads to a modification of General Relativity at large distances, was initiated by Fierz and Pauli a long time ago [1] . However, it was observed that the nonlinear terms required by massive gravity [2] , which can give rise to continuity of observables [3, 4] , lead inevitably to the existence of the Boulware-Deser (BD) ghost [5] , and thus make the theory unstable.
Although for the subsequent decades it was believed that there is no consistent way to construct a massive gravity free of ghosts, a nonlinear extension of massive gravity was constructed recently by de Rham, Gabadadze and Tolley [6, 7] . In this model, the BD ghost can be removed in the decoupling limit to all orders in perturbation theory through a systematic construction of a covariant nonlinear action (see [8] for a review). Although it is still controversial to prove the absence of BD ghost at the non-perturbative level, the theoretical and phenomenological advantages led to a wide investigation of this theory .
Despite the successes of nonlinear massive gravity, it was also noticed that certain cosmological instabilities still exist in the case where the physical and the fiducial metrics have simple homogeneous and isotropic forms [42] . This behavior motivated researches towards extensions of nonlinear gravity models, namely the construction of nonlinear massive gravity with less symmetric metrics [13, 43] . However, in [53] a different approach was followed, and nonlinear massive gravity was extended allowing for the graviton mass to vary. This could be realized by introducing an additional scalar field, which coupling to the graviton potentials produces an effective, varying, graviton mass. Moreover, this extension provides a natural way to modify General Relativity not only in the IR but also in the UV, since the graviton mass can be evolved into a large value at the early universe [54] . Therefore, it is interesting to study the cosmological implications of this scenario at early times, and this is a main topic of the present work.
On the other hand, it is well known that cosmological evolution governed by standard Einstein gravity usually suffers from the problem of initial singularity if Null Energy Condition (NEC) is preserved [55] . A potential solution to the cosmological singularity problem may be provided by non-singular bouncing cosmologies [56] [57] [58] . Such scenarios have been constructed within various approaches to modified gravity [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] . Generally, a non-singular bouncing model can be acquired by using NEC violating matter [78] [79] [80] [81] [82] [83] [84] , by making use of various mechanisms [85] [86] [87] [88] [89] [90] [91] [92] . Note that in the case of a positive curvature a generic bounce can be obtained by violating Strong Energy Condition (SEC) only [93] , however the singularity reappears in the fact that the number of regular bounces is finite [94] . Furthermore, the perturbation theory of non-singular bounce cosmology and its relation to observables was extensively studied in the literature [82] [83] [84] [95] [96] [97] [98] [99] [100] . The extension of all the above bouncing scenarios is the old idea of cyclic cosmology [101] , in which the universe presents a periodic sequence of contractions and expansions. Cyclic cosmology has attracted a significant interest the last years [102] since it brings different insights for the origin of the observable universe [103] [104] [105] [106] [107] [108] [109] [110] [111] [112] [113] [114] (see [115, 116] for recent reviews).
In the present work we are interested in constructing scenarios of cyclic cosmology in a universe governed by the extended, varying-mass, nonlinear massive gravity. Particularly, we first determine the Stückelberg-scalar function and we suitably reconstruct the form of the potential of the scalar field which leads to a cyclic universe. Alternatively, we first determine the scalar potential and we reconstruct the Stückelberg-scalar function in order to obtain cyclicity. Interestingly enough cyclicity is easily acquired in this framework, since extended nonlinear massive gravity can violate certain energy conditions and therefore has fruitful implications to physics of the universe at both early and late times. This paper is organized as follows. In Section 2 we briefly review the cosmological equations under the extended scenario of nonlinear massive gravity with a scalar field being introduced to evolve the graviton mass. In section 3 we construct scenarios of bouncing and cyclic universe. In particular, in subsection 3.1 we start with a given Stückelberg-scalar function and we reconstruct the scalar potential; while in 3.2 we start from a given scalar potential and we determine the corresponding Stückelberg-scalar function that leads to cyclicity. Finally, section 4 is devoted to the summary of our results.
Cosmology in extended nonlinear massive gravity
In this section we briefly review cosmology in extended nonlinear massive gravity [53, 54] . In such a scenario the graviton mass is upgraded into an evolving function depending on a cosmic scalar field, of which a canonical kinetic term and a standard potential are added in the action too. In this construction, the total action is written as
where M P is the reduced Planck mass, R is the Ricci scalar, and ψ is the newly introduced scalar field with W (ψ) its usual potential and V (ψ) an additional potential coupling to the graviton potentials. These graviton potentials are given by,
and similarly for the other antisymmetric expressions. Moreover, α 3 and α 4 are dimensionless parameters. Additionally, f AB is a fiducial metric, and the four-form fields φ A (x) are the Stückelberg scalars introduced to restore general covariance [117] . As it was shown in [53] the above scenario is still free of the the BD ghost. Finally, in the action (2.1) we can take into account the standard matter action S m , minimally-coupled to the dynamical metric, corresponding to energy density ρ m and pressure p m . In order to derive explicitly the cosmological equations, we need to impose certain ansatzes for the two metrics. For the physical metric we consider a flat FriedmannRobertson-Walker (FRW) form (one can also straightforwardly investigate the non-flat case [53] ): 4) with N (τ ) the lapse function and a(τ ) the scale factor, and for simplicity for the Stückelberg fields we choose the forms as follows,
with a ref a constant positive coefficient. Note that although in standard massive gravity such a choice for the dynamical metric cannot be accompanied by a simple choice for the fiducial one, in the scenario at hand the extra freedom allows for a simple Minkowski ansatz for the fiducial metric
Variations of the action with respect to N and a give rise to the following Friedmann equations
where we have defined the Hubble parameter H =ȧ/a, withȧ = da/(N dτ ). In the end we adopt N = 1 for convenience. In the above expressions we have defined the energy density and pressure arising from the modified gravitational sector as
In addition, the usual continuity equation is still preserved:
Variation of the action with respect to the scalar field ψ provides its evolution equation:
Additionally, variation with respect to b provides the constraint equation
which, as it was shown in [54] , using (2.11) in general leads to
This relation restricts radically the coupling-potential V (ψ) 1 and can be very helpful since it offers the behavior of V (ψ(τ )) without the need to find explicitly the solution ψ(τ ) [which obviously is consistent with this V (ψ(τ ))]. Lastly, the equations close by considering the matter evolution equationρ m + 3H(ρ m + p m ) = 0. Finally, we mention that from the above expressions we observe that a ref plays the role of a reference scale factor that can be arbitrary. One could still worry about the fact that V (ψ) in general becomes negative for a < a ref , which can be pushed to very small but still non-zero values, however the bouncing behavior of the present work offers a solution to this problem, since setting the bounce scale factor to be larger than a ref ensures that the graviton mass square will be always positive. For simplicity throughout this work we set a ref = 1.
Bouncing and Cyclic solutions
The above cosmological scenario proves to exhibit very interesting behavior. In particular, the form of the coupling-potential (2.15) implies that in an expanding universe V (ψ(τ )) always goes to zero at late times, and thus the scenario at hand always gives the standard quintessence scenario [54] . The only case that this will not happen is if the scalar field dynamics is so effective that it will change the universe evolution from expansion to contraction. In this case V (ψ(τ )) will start increasing and at some point it can trigger a nonsingular bounce. A successive sequence of bounces and turnarounds offers the cyclic cosmology. In this section we analytically explore these possibilities.
Whether a universe is expanding or contracting depends on the positivity of the Hubble parameter, that is, in the contracting phase H is negative while in the expanding one it is positive. By making use of the continuity equations it follows that at the bounce and turnaround points H = 0, however at and around the bounce we haveḢ > 0, while at and around the turnaround we haveḢ < 0. If a bounce and a turnaround can be realized in a given cosmological scenario, then the aforementioned general requirements for H must be fulfilled.
Interestingly enough, observing the form of the two Friedmann equations (2.7), (2.8) along with (2.9), (2.10), (2.15), we can see that the above requirements can be easily fulfilled in the present scenario, for suitable potentials W (ψ) and/or suitable forms for b(τ ). In particular, the coupling-potential V (ψ) can trigger the bounce and the turnaround, and actually it is this term that can cause the necessary null energy condition violation, as it was mentioned in [54] , where this term could lead the effective dark energy caused by the gravitational modification to exhibit phantom behavior.
In summary, cosmology governed by extended massive gravity has a large freedom to fulfill the above bounce and cyclicity requirements. In particular, for a given b(τ ) we can adjust the potential W (ψ) in order to obtain a desired scale-factor evolution, or alternatively for a given W (ψ) we can adjust b(τ ). In the following subsections we examine these two cases separately.
Known b(τ )
Suppose we determine b(τ ) at will. Let us first start from the desired result, that is we impose a known form of the scale factor a(τ ) possessing a bouncing or oscillatory behavior. In this case both H(τ ) andḢ(τ ) are straightforwardly known. Therefore, we can use the Friedmann equations (2.7), (2.8) together with (2.9),(2.10), in order to extract the relations for ψ(τ ) (throughψ(τ )) and W (τ ), obtaining
where ρ m (a(τ )) and p(a(τ )) are known as long as the matter equation-of-state parameter w m ≡ p m /ρ m is determined. Then, eliminating time between these two expressions we can extract the explicit form of the potential W (ψ), which is the one that generates the desired a(τ )-form. Finally, we mention that the basic requirement for the above procedure to be valid and a bounce or cyclic behavior to be possible, is that the a(τ ) and b(τ ) ansatzes and the parameter choices must lead to a positiveψ 2 (τ ).
We now proceed to a specific, simple, but quite general example. Firstly, we consider b(τ ) to have the simple form
and thusḃ = 1 in the above expressions (in general we could add a coefficient b 0 in the above ansatz, but for simplicity we set it equal to 1). Now, in order to get an idea of what kinds of potentials W (ψ) could lead to cyclic behavior, we perform a test-procedure starting from the desired result, that is we assume a cyclic universe with an oscillatory scale factor of the form
where the non-zero constant a c is inserted in order to avoid the singularity. Thus, τ varies between −∞ and +∞, with τ = 0 being a specific moment without any particular physical meaning. Finally, note that the bounce occurs at a B = a c − A. From (3.4) we straightforwardly find H(τ ) andḢ(τ ), and thus substitution into (2.15) and then to (3.1) and (3.2) gives the corresponding expressions for ψ(τ ) and W (τ ).
In order to provide a more transparent picture of the obtained cosmological behavior, in Fig. 1 we present the evolution of ψ(τ ) and W (τ ) for the scale factor (3.4) with A = 5, ω = 0.001 and a c = 7, assuming also dust matter (w m = 0), that is p m = 0 and ρ m (a) = ρ mB a 3 B /a 3 , with ρ mB the energy density at the bounce. Thus, eliminating time between can be generated by an oscillatory scalar potential W (ψ). This W (ψ)-form was expected, since a non-oscillatory W (ψ) would be difficult to produce an infinitely oscillating scale factor. Finally, we mention that although we have presented a specific example, we can straightforwardly repeat the described procedure imposing an arbitrary oscillating form for the scale factor. The aforementioned bottom-to-top approach was enlightening about the form of the scalar potential that leads to a cyclic cosmological behavior. Therefore, one can perform the above procedure restoring cause and effect, that is starting from a specific oscillatory W (ψ) and resulting to an oscillatory a(τ ). In particular, (3.1) is written in a compact form asψ 2 (τ ) = P 1 (a,ȧ,ä) and similarly (3.2) as W (τ ) = P 2 (a,ȧ,ä). Thus, we can invert the known form of W (ψ) ≡ W (ψ(τ )) acquiring ψ(τ ) = W {−1} (P 2 (a,ȧ,ä) ), and theṅ
2 . Therefore, the scale factor arises as a solution of the differential equation
As a specific example we consider the simple form
In this case ψ =
, where W (ψ(τ )) ≡ W (τ ) = P 2 (a,ȧ,ä) with P 2 (a,ȧ,ä) the right hand side of expression (3.2) . Therefore, the differentiation leads to:
and thus we obtain
where as we have mentioned P 1 (a,ȧ,ä) is the expression inside the curly brackets in (3.1). Differential equation (3.8) cannot be solved analytically, but it can be easily elaborated numerically, and moreover inserting its solution for a(τ ) into (3.7) we obtain ψ(τ ) too. In Fig. 3 we depict the corresponding solutions for a(τ ) and ψ(τ ), for the ansatz (3.6) with W 0 = 0.01, ω W = 0.025 and W c = 0.01, for α 3 = 3,
P -units (the potential parameters have been chosen in order to acquire a cyclic universe with a B ≈ 2 at the bounce, similarly to the previous example). In conclusion, we verified that an oscillatory scalar-field potential can lead to a cyclic universe.
We close this subsection by mentioning that here b(τ ) was considered by hand and then we determined the potential W (ψ) in order to obtain cyclic behavior. The only requirement for the above analysis to be valid is to obtain a non-negativeψ 2 in (3.1). If this is not possible we deduce that the corresponding parameter-choice and/or the imposed b(τ )-ansatz cannot lead to a cyclic solution. However, note that there are b(τ ) ansatzes that cannot lead to cyclicity independently of the parameter choice (for α 3 ,α 4 ,V 0 ,ρ mB ,w m ). In particular, using the forms b(τ ) = a(τ ) and b(τ ) = ln a(τ ) (which in [54] it was shown to lead to phantom behavior) we could not find any parameter choice that could lead to non-negativeψ 2 and therefore to a cyclic behavior. Thus, cyclicity cannot be obtained for every b(τ )-form.
Known W (ψ)
Suppose we determine W (ψ) at will, and similarly to the previous subsection as a first test-procedure we impose a known scale factor a(τ ) possessing oscillatory behavior, that is both H(τ ) andḢ(τ ) are known. In this case eliminatingψ between the two Friedmann equations (2.7),(2.8) (with a ref = 1) straightforwardly giveṡ
where V (a(τ )) is given by (2.15), and thus substitution to the scalar-field evolution equation (2.13), along with the chain rule
, leads to a differential equation for ψ of the form
10) that can be numerically solved, leading to ψ(τ ). Thus, inserting ψ(τ ) back to (3.9) gives a simple differential equation of the formḃ = P 5 (τ ) that can be easily solved as
As a specific example we consider the simplest case in which W (ψ) is constant, namely
Similarly to the previous subsection we assume a cyclic universe with the oscillatory scale factor (3.4), namely a(τ ) = A sin(ωτ ) + a c . In this case from (3.9) we can see thatḃ(τ ) is analytically known, which simplifies the procedure. Assuming also dust matter (w m = 0) and ρ m (a) = ρ mB a 3 B /a 3 , with ρ mB the energy density at the bounce, we numerically solve the differential equation (3.10), in order to extract ψ(τ ). In Fig. 4 we depict the corresponding evolution of ψ(τ ),ḃ(τ ) and b(τ ), and thus we deduce that this b(τ ) form generates the oscillatory universe. As we observe,ḃ(τ ) has an oscillatory profile, although not of a simple form. The fact thatḃ(τ ) and not b(τ ) should be oscillatory in order to produce an oscillatory scale factor was expected, since in the cosmological equations it iṡ b and not b that appears. We stress here that the differential equation (3.10) in the above procedure cannot be solved for every W (ψ), and additionally one has to suitably choose the model parameters. Thus, although in the previous subsection one had full control on which cases lead to oscillatory solutions (namely those that give a positiveψ 2 (τ ) in (3.1)), in the present subsection one cannot easily see which W (ψ) ansatzes and/or which parameter choices can lead to cyclic solutions.
Finally, since from the above bottom-to-top approach we deduced that in order to get an oscillatory universe we must use an oscillatoryḃ(τ ), in the following we restore cause and effect and we impose such aḃ(τ ) as an input, extracting the resulting ψ(τ ) and a(τ ) from the solutions of the cosmological equations. Although this procedure is possible in general, in the following we apply it in the simple example of a constant W (ψ) = W 0 of (3.12). In this case, and with a givenḃ(τ ), equation (3.9) is a simple differential equation for a(τ ), which can be numerically solved. Then, inserting this a(τ ) back in (3.1), we find also the solution for ψ(τ ). Similarly to the previous subsection, the only requirement for this procedure to work is to obtain a positiveψ 2 (τ ) .
As a specific example forḃ(τ ) we impose the simple ansatż
that is we impose a Stückelberg-scalar function of the form
with c an integration constant. We then solve numerically (3.9) for a(τ ) and (3.1) for ψ(τ ) and in Fig. 5 we depict the corresponding results. Indeed, the Stückelberg-scalar function (3.14) generates an oscillatory universe, although not of a simple form since the turnarounds are softer than the bounces. However, we mention that one needs to carefully select the model parameters in order to obtain an oscillatory scale factor under the b(τ )-ansatz (3.14), however he has control of the procedure, since he needs to fulfill the requirement ofψ 2 (τ ) to be positive.
Discussion
In the present work we investigated bouncing and cyclic cosmological behaviors in a universe governed by extended massive gravity, in which the graviton mass has been promoted to a function of an extra scalar field. This model has additional freedom comparing to usual massive gravity, and thus it leads to significantly different and richer behavior [53, 54] . In particular, although the scenario at late times tends to coincide with standard quintessence, at early and intermediate times the effective graviton mass can be large and thus play a crucial role in the universe evolution. Amongst others, the capability of the scenario to lead to violation of the Null Energy Condition can lead to a bounce or a turnaround, the successive sequence of which can naturally give rise to cyclic cosmology.
Extended nonlinear massive gravity has an enhanced freedom (apart from the extra scalar field one can see that the Stückelberg-scalar function b(τ ) is not constrained as in usual massive gravity and it can be free), therefore it can drive cyclicity with two different mechanisms. The first is to impose an arbitrary Stückelberg-scalar function b(τ ) and suitably choose the usual scalar field potential W (ψ) in order to obtain a cyclic behavior. It proves that one should use an oscillating W (ψ) as expected, and the only requirement for this procedure to hold is to obtain a positiveψ 2 (τ ). Thus, this is not possible for every b(τ ) form, that is not every b(τ ) can be consistent with cyclicity.
The second mechanism to drive cyclic behavior is exactly the Stückelberg-scalar function b(τ ). In particular, imposing an arbitrary scalar-field potential W (ψ) we suitably choose b(τ ) in order to obtain a cyclic behavior. It proves that one should use an oscillatingḃ(τ ) as expected (sinceḃ(τ ) appears in the equations and not b(τ )). Similarly to the first mechanism above, not all scalar potentials are consistent with cyclicity.
A crucial issue in all bouncing and cyclic scenarios is the processing of perturbations through the bounces. A simple check on the stability of this type of models is to look at the generalized Higuchi bound derived in [48] (see also [118] for a different expression in an earlier model). In particular, as an effective theory, nonlinear massive gravity is reliable only when the scale is well beneath the cut off Λ 3 = (M P m 2 g ) 1/3 , where m 2 g is the graviton mass square, since upon Λ 3 helicity 0 mode couples strongly to helicity 1 and helicity 2 modes, and thus effective field theory breaks down. Therefore, in the present extended scenario one should compare 2 the various appeared scales, such are H,Ḣ,Ḧ etc, with Λ 3 = [M P V (ψ)] 1/3 . Indeed, in all the above examples H/Λ 3 10 −3 , whileḢ/Λ 3 10 −5 ,Ḧ/Λ 3 10 −7 etc, and thus the scenario is reliable. On the other hand note that V (ψ) is always much smaller than M 2 P (V (ψ)/M 2 P 10 −3 and V 0 /M 2 P 10 −1 ), which is an additional requirement for the robustness of the scenario. Therefore, at this level, we can conclude that our model is well behaved when the perturbations pass through the bouncing points. However, we should notice that since a cosmic scalar is introduced to drive the graviton mass varying along background evolution, the stability issue arisen from this scalar field ought to be taken into account in a global analysis. Such a complete perturbation analysis of the extended nonlinear massive gravity lies beyond the scope of the present work and it is left for future investigation.
